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Fermionic realization of two-parameter quantum affine 

algebra U r ^{C[ X ' > ) 


Naihuan Jing and Honglian Zhang* * 


Abstract. We construct a Fock space representation and the action of the 
two-parameter quantum algebra U r ,s (flioo) using extended Young diagrams. 
In particular, we obtain an integrable representation of the two-parameter 
quantum affine algebra of type C',V } which is a two-parameter generalization 
of Kang-Misra-Miwa’s realization. 


Resume. Nous construisons une representation de l’espace de Fock et l’action 
de la 2-parametre quantique algebre t/ r . s (g[ 00 ) en utilisant diagrammes de Young 
prolongees. Dans particulier, on obtient une representation integrable de la 2- 
parametres quantique algebre affine pour le type Cn ^ qui est un 2-parametres 
generalisation de la realisation de Kang-Misra-Miwa. 

1. Introduction 


Quantum groups, introduced independently by Drinfeld [6] and Jimbo 1 1 4| . 
are deformations of the universal enveloping algebras of the Kac-Moody Lie al¬ 
gebras. Among the most important classes of quantum groups, quantum affine 
algebras have a rich representation theory and broad applications in mathematics 
and physics. In particular they are expected to provide the mathematical founda¬ 
tion for g-conformal field theory. 

Two-parameter quantum groups associated to g[ n and sl n were studied in Hll, 
[5] by Benkart and Witherspoon (see also earlier work by Takeuchi |20j ). Other clas¬ 
sical types and some exceptional types of two-parameter quantum groups and their 
representations have been investigated in mmm (see references therein). The 
two-parameter quantum affine algebras were introduced in m and their Drinfeld 
realization and vertex operator representations were also known with help of Lyn¬ 
don bases for type A. More recently these structures have been generalized to all 
classical untwisted types in mm, which are analog of the basic representations of 
the quantum affine algebras ! 7 \. The latter builds upon certain quantization of the 
so-called bosonic fields. From the other angle aimed toward a categorification, jl6j 
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provided a group-theoretic realization of two-parameter quantum toroidal algebras 
using finite subgroups of SL, 2 (C) via the McKay correspondence. 

It is well known that quantum affine algebras also admit fermionic realizations 
©0311021 EH that have played an important role in integrable systems and repre¬ 
sentation theory. In |15j such a fermionic realization of the two-parameter quantum 
affine algebra was constructed for type A using Young diagrams. The combinatorial 
model gives rise to a natural interpretation of the deforming parameters r and s. 
In this paper, we construct a fermionic realization of the two-parameter quantum 
affine algebra of type C along the same line. We have taken a slightly different pre¬ 
sentation from | [l5j to use the approach of Kang-Misra-Miwa HZI- We expect that 
this model will also work for other 2-parameter twisted quantum affine algebras. 


2. The Fock Space of U rjS (gl(oo)) 

In this section, we first define the two-parameter quantum algebra U rjS (gl(oo)), 
and obtain an irreducible integrable representation using extended Young diagrams. 

Let {e®, |i £ Z} be an orthonormal basis of a Euclidean space E with an inner 
product (,). Let {ai\i € Z} be the simple roots of the Lie algebra g = gl(o o). 

We assume that the ground field K is the field Q(r, s) of rational functions in 
r, s. Similar to the definition of U rjS (gl n ) (cf. [3]), we define U r>s (gl( oo)) as follows. 


Definition 2.1. Let U r , s (gl(oo)) be the unital associative algebra over K gen¬ 
erated by the elements e?°, o/°° for i gZ satisfying the following defining 

relations: 


m 

(R2) 

m 

m 

(R5) 
( R6 ) 


(Wj 00 ) 1 * 11 , (a/” 0 ) 1 * 11 all commute with each another and 

^rr^TKT 1 ^ 


e°°w°° and cu°°f°° = /. 

= s {si ' aj) and u)'°° f°° = s -(e<,oy) f 


oo. ,oo 
j ’ 


oo, 7 00 
j ^ i ’ 


[er,fj°] = 


Jlj 


> J J 

O oo ^OO 


(wr"W,--ui -WHi w 


,oo, ./oo 

i+1 


OO , /OO 

'i+1 


), 


[er.er] = [/r./~]=Oif|i-j|>l, 

(O^i - (r + a) + rae^e? 0 ) 2 = 0, 

e.r(e^ 1 ) 2 - (r + a) + rs (e°7) 2 e°° = 0, 


m un fSi - +s _i ) frmjr + /m(/n = o, 


/r(/“i) z - ( r_1 +s- 1 ) f&frmi + M -1 (/m)7r = o. 

Now we construct a Fock space representation for the two-parameter quan¬ 
tum algebra U r}S (gl OQ ), which generalizes the fermionic representation of the usual 
quantum algebra given in HZI- 

We begin with the definition of extended Young diagram given in 


Definition 2.2. An extended Young diagram Y is a sequence {y k )k> o such 


that 


(*) Vk € Z, y k < y k+ 1 for all k, 

( ii ) there exists fixed integer such that y k = j/oo for k 0. 
The integer is called the charge of Y. 
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Another way to identify an extended Young diagram is by specifying the fourth 
quadrant of the xy-plane with sites {(i,j) € Z x Z\i > 0, j < 0}. Thus an extended 
Young diagram Y = (yk)k> o is an infinite Young diagram drawn on the lattice in 
the right half plane with sites e2x Z| i > 0, j < 0}, where yk denotes the 

“depth” of the fc-th column. 

Note that if yk Vk+i for some k, then we will have corners in the extended 
Young diagram Y = ( yk)k>o■ A corner is either “concave” or “convex”. A corner 
located at site (i,j) is called a d— diagonal corner (or corner with diagonal number 
d), where d = i + j. For more details please see (13j and m- 

For any fixed integer n, let (f> n denote the “empty” diagram (n, n, n, ■ ■ ■ ) of 
charge n. Let Y n denote the set of all extended Young diagrams of charge n. The 
Fock space of charge n 

&n = 0 Q (r,s)Y 

denotes the Q(r, s)-vector space having all Y &Y n as base vectors. 

The algebra U TtS {gl{ oo)) acts on the Fock space as follows: 


Theorem 2.3. n is an irreducible integrable U r>s {gl{ oo))- module under the 
action defined as follows. For Y £ y n , 


e< 


'Y = Y' 


fry 


W, 


D Y 


uj'TY 


= 0 , 

= Y'\ 


= 0, 

= s _1 Y, 
= r"\ 

= Y, 

= rY, 
= s, 

= Y. 


if Y has an i-diagonal convex corner then , 

Y' is the same as Y except that the i-diagonal 
convex corner is replaced by a concave corner, 
otherwise ; 

if Y has an i-diagonal concave corner then, 

Y" is the same as Y except that the i-diagonal 
concave corner is replaced by a convex corner, 
otherwise ; 

if Y has an i-diagonal concave corner , 
if Y has an i-diagonal convex corner , 
otherwise ; 

if Y has an i-diagonal concave corner , 
if Y has an i-diagonal convex corner , 
otherwise. 


Proof. It is straightforward to verify the relations (AT) — (R7) for the action 
on kFj, for all generators. We remark that this is very much the same as in type A 
situation 1 151 . 


□ 


3. Fock Space Representations of U r ,s{C[ 1} ) 


Having constructed the Fock space representation of the two-parameter quan¬ 
tum affine algebra U rtS (gl(oo)), we can build the Fock space representation of 
U rtS (Ci 1 ' > ) by generalizing the well known embedding of the latter inside U rtS (gl(oo)). 
First let us recall the definition of the two-parameter quantum affine algebra U r . s (Cj l ' > ) 
from [8|. 
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Let Iq = {0, 1, 2, • • • , n}, and (ay), i, j £ Iq be the Cartan matrix of type 
C[ X \ We take the normalization (ao> ay) = (ay on) = 1 and (ay a*) = ^ for 
1 < i < Z — 1. Let rj = r l L and Sj = s* L . Denote by c the canonical central 
element of g(C') 1 ' ) ) and let denote the Kronecker symbol. 

Definition 3.1. TZie two-parameter quantum affine algebra U rtS (Cn' > ) is the 
unital associative algebra over IK generated by the elements ej, fj , w^ 1 , (j £ 
^o), 7 ±5 , 7 ,±5 j D ±l ,D' ±l , satisfying the following relations: 


(Cl) 

±i 

7 2 ) 

y± 

2 are central with j = lo$ 

,Y = 

Wj, 77' = (rs) c 

sitc/i that 

u'i ul 

-l _ 

l = 

DD” 1 = 

D'D' 1 , and 




[ 

V? 1 . 


} = [“t 1 

,D ±1 ] = [u' j ±1 , 

D ±:l ] 

+1 

+L 

II 

= 0 




= 

,-' ±1 ] = K ±1 

,D ,=bl 

] = [D ,±1 ,D ±1 ] 

= 

(C2) 

For 


i, j < l, 








De l D~ 1 

<5 0 i 

= D ey 


D f t D^ 1 = r] 

-$Oi f 




COj CiLOj 

= (L j) e i, 


UjfiUj 1 = 0> 

*) _1 /»■ 

(C3) 

For 


i, j < l, 








D' a D'~ 

1 <5oi 

= s* ey 


D' f i D’^ 1 = 

^ 0i fi, 




/ / — 1 

= (*, j) - 1 ey 


“jfiu'i 1 = (■ 

j, i) fi- 

((74) 

For 

0< 

i, j < h 









[ey/j] = - 

”ij ( / \ 

(Wi wj. 



((75) For all 1 ^ i ^ j ^ l but (i,j) ^ {(0, Z), (Z, 0)} such that aij = 0, 

[eye,] = = 0, 

e ; e 0 = rse 0 ei, f 0 fi = rs fif 0 - 
{C 6) For 1 ^ i ^ l — 2, the (r, s)-Serre relations for e's: 

e o e i - ( r +s) e 0 eie 0 + rs eieg = 0, 

C'i ej+i (rj+Sj) eiei_)_iei -f* (r^s^) e^-i-ie^ — 0, 
e i+l e i ~ Oi+l+^i+l) e i+l e i e i+l + Oi+l^i+l) e * e i+l = 0. 
efe;_i - (r _1 +s _1 ) eie^ei + (r~ 1 s~ 1 ) e ;_icf = 0, 

- (r+(rs)5+s) e\_ x eiei- X 
+ (rs)5 (r+(rs)5+s) ej-ieje^ - (rs)^ eief_ 1 = 0 
efe 0 - (r _1 +(rs) _ ^+s _1 ) e^oer 

+(rs) - ^ (r -1 +(rs) _ 5_)- s - 1 ) eieoe\ - (rs)~^ eoef = 0. 

(C 7) For 1 ^ ^ Z — 2, the (r, s)-Serre relations for f[s are obtained from (C6) by 
replacing ei for f t and r, s by r , s -1 respectively. 
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In the above (i, j) are the matrix entries of the two-parameter quantum Cartan 
matrix for type C^: 


f rs 1 

r 1 

i i 

i 

i 

1 

1 

rs \ 

1 

s 

r 2 $ 2 

7* 2 

1 

1 

1 

1 1 
r 2 s 2 

r _1 

\ (rs)" 1 

1 

1 

5 

rs -1 / 


We now desribe the integrable representation of the two-parameter quantum 
affine algebra U r ^ s {C[ 1 ^). We start with the folding map 

tt: {0, 1, • ■ • , 2Z — 1} —» {0, 1, • • • , 1} 

where 7r(0) = 0, tt(1) = l and 7r (i) = n(2l — i) = i for 1 < i < l — 1. Extend tt to a 
map from Z into {0, 1, • • • , /} by periodicity 21. 

For any Y = ( y k )k>o G W define the operators: 

t k Y = r a Y , t' k = s a Y 

where a = \{p € Z| y k < p < n and t r(p + k) = 0}| which depends on k. 

As we still act on the space so we continue to use the same notation 

for the new Fock space representation. The following theorem is proved by direct 
verification (see USD- 

THEOREM 3.2. For k = 0, 1, • • • , l, the algebra f7 r>s ( C[^) acts on cP n by the 


equations: 

/ \ («»,«i) 

(3.1) 

6i= £ n ef 

J V k>j J 

ir(j)=i ir(fc)=i 

(3.2) 

/ \ (««. “i) 

fi= e /r( n wt) 

tt (j)=i Tr(k)=i 

(3.3) 

^ = ( n wf) 

j 

n(j)=i 

(3.4) 

/ \ (a*, «i) 

“5= n "7) 

J 

7r(j)=2 

(3.5) 

£ = n 4, r>' = n 4- 


k> o fc> o 


Under the above action J ? n is an integrable U rtS (C^)-module. 


PROOF. We proceed in the same way. First we have 


a 1 =( n 


i) 


k 

71-(fc)=j 


( n <)V( n 


. f>3 

7T (j')=i 


Wfe J 


7T(k)=j 


We don’t have to prove anything for \i — j\ > 2 due to ur'^ef 0 = 

For i = j, we have (u/“) _1 = r _1 s (u/^) _1 e~, which follows from (i, i)~ l = 
For 0 ^ i = j—1 ^ l- 1, applying eff (u/^+i) -1 = s _1 (w'“+i) _1 


e 


oo 

m 
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and (i + 1, i) 1 = s («*+i>ai+i) ; we arrive at the required relation. Finally, when 
1 < * = j + 1 l, we have e™ (w , ~_ 1 )" 1 = r (c/^)" 1 and (i - 1, i)" 1 = 
r (ai_i, cti-i)^ anc [ ^his implies the conclusion. 

For further reference, we need a few useful identities. 

Lemma 3.3. By direct calculations, we get the actions on cP n , 

/m ( W m') _1 = <W,m , )- 1 (w“,) _1 /m > 

ooW)- 1 /: 

where (i , j)oo *s defined as follows: 

rs' 1 , i = j; 
r" 1 , * = i — 1; 


(*> j)oo — 

Now we turn to the relation (C4). From definition and Lemma 3.3, it follows 


s, i = j + 1; 
1, otherwise. 


that 


&ifj /j Ci 

e (n 

,A . fc'>fe 
n«)=* 7T(fe')=* 


, ,oo 
^k' 


(CKi, Q!i) 


e fc 


E /m( El 

/ m r <m 

T(m)=T , ,, 

x J 7r(m )=j 




e «( n e ( n ““) 


(ai, ai) 


t (m)=j 


m' <m 

\ («i. «i) 


,A . fc'>fc 
’d fe )=* 7r(fe')=* 


E [( II 

fc,m k'>k m'<m 

7r(fc)=i 7r (k')=i it (m')=j 

Tr{m)—j 


/“( n 




-c( n n <) 


(a^, a*) 


m! <m 
x(m')=j 


k'>k 
t (k')—i 


E ( n n ^) m ’""(er/”-/“er) 

k>m k‘>k m'<m 

Tr(k)—i 7r (k')=i Tr(m')=^j 

+ki E ( II "?) < °‘'“ d ( II ^'“'"'’(er/r-zrc) 




,h . k ’> k 

*■(«)=* Tr(k')=i 


e (n 

k<m k'>k 

n(k)—i 7 r(k')=i 

n(m)=j 


( Oti , Q!i) 




k' <k 
7r(fc')=i 

( n 

m' <m 
7r(m')=j 




( E {k,m')£^ef - ^(m,k')t’ ai) f^ e£°) 


m'<m 


k'>k 
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Note that if to = k + 1, then we have e£° = 0 = /£f e£°, and if m > k + 1, 


then 


(3.6) 


E (k,m')&’^= E 


m <m 
7T(fe)=l 

TT(m)=j=7t(m) 


k' >k 
7T (m)—j 
TT(k)=i=7T(ft ) 


(3.7) 


OO 1*00 _ 1*00 ^OO _ 

^k J m J m ^k 


&k,m ^ 


( w oo)(a ilQi ) _ w '~)(ai,ai). 


ri - Si 


Consequently, it follows that on ^ n , 




= $i,j( r i— s i ) 1 e {(n w ^) ( ” ,} (n w, fc') 


(a.j 5 < 


7T (k)=i 
(ai, aj) 


k' <k 


(n^) w, “"(n^) (ai,ai) } 


k'>k 


k'<k 


= 6 , 


■■An-si) 1 {( If 


^k 


k 

7T (k)=i 


(cKi , CKi) 


n o 


w(fe)=i 


= <5., 




uj l 


n - Si 


It is straightforward to check the relation ((75), 


e;e o = 


e (n 

k k’>k 

n(k)=l Tr(k’)=l 

■ E ( II 


\ («(, a;) 
k' ) 


e ( n ""•) 


(ao, ao) 


/ \ n rn >m 

7 r(m )—0 . /\ 

v ’ 7r(m )=0 






.OO 

u 

k,m m' >m 


(ao, ao) 


.oo oo 
°/c 0 m 


n(k)=l n(k')=l 
7r(m)—0 


= rs 


e ( n 

m' >m 

n(k)—l 7r(m / )= 0 
7r(m)=0 




( n "s) 

m ~>m 

7r(m / )—0 

(ao,ao) _ ^ j-j _\ (aj, a;) 

k'>h 
7t(k')=l 


e ™ 1 II “'fc' ^ 
k'>k 




= rse 0 ei. 


The others relations can be proved similarly. 

The last task is to verify the Serre relations ((76) and ((77). Here we only check 
the relation ((76) as the other relations are proved exactly in the same way. 
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To show the Serre relations (C6), let us begin with the following notation to 
save space. 

(3.8) Pj = n 

j' >3 

* (j') =7r 0') 

(3.9) p' = n 

j'>3 

*(]'}—n(j) 

Let us write i^> j if i — j >2. The following lemmas can be checked directly. 


Lemma 3.4. For all j and k, on then we obtain, 


(3.10) e fc° e fc° = 0, 

(3.11) e?ef>e?=0. 

Lemma 3.5. If n(k) = 0 = 7r(j), then it holds 


(3.12) 

(3.13) 


e fp k = 

efPk = 


Pk.e°°, for j < k-, 

r~ 1 spk ef°, for j > k. 

Pk e T > forj^k; 

rs _1 p' k e°° , for j > k. 


Lemma 3.6. If n(j) — 0,n(k) = 1, then it follows that 


(3.14) 

(3.15) 


efPk = 

e j° Pk = 


Pkef , forj^k; 
rpk ej°, for j = k + 1; 
r 2 Pkef° , /orj»fc. 
Pk e T > forjifk; 
sPk e °°, for j = k + 1; 
s 2 Pk e T ’ for j k. 


Lemma 3.7. Ifn(j) = l,ir(k) = 0, then we have 


(3.16) 

(3.17) 


e T = 

ofp'k = 


Pk e°°, for jifk orj = k + 1; 
s~ 1 Pke°°, for j k. 

p'k e T’ f or i ^ or i = k +1; 
r ~ 1 Pk e T’ f° r J ^ k. 


Lemma 3.8. If Tr(j) = 1 = n(k), it is easy to see that 


(3.18) 

e°°p k = 

(3.19) 

of Pk = 


Pk Oj°, for j ^ fc; 
i'~ 1 spkOj°, for j > k. 

p' k e°°, for j < k\ 
rs _1 p' k ef°, for j > k. 
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We now prove the following Serre relation: 


(3.20) 


e^ei + (r + s)eoeie 0 + rse iCq = 0 


We first use definition to simply the left hand side (LHS) of (3.20). 


LHS 


= E 

j,k,m 

v(j)— 0—n(k) 
7r(m) —1 


( n n ^) e k( n 

j'>j k' >k m'>m 

7r(/)=0 7r(k')—0 7r(m') = l 


— (r + s) ( n u#)ef( n w~,) 4 e~( JJ c^)e£ 

j'>j m'>m k' ~>k 

7r(j / )=0 7r(m')=l 7r(fc')=0 

+( n n w “) e r( n 

m'>m o'>3 k'>k 

n(m') — l 7r(j')=0 n(k')—0 


= (E+E+E+E+E+E+E) 

m^>j>k m=j-\-l^$>k j^>m^>k j^$>m=k-\-l j=m-\-l>k j>k^$>m j>k=m-\-l 


x {Pjef p fc e£° Pm&m + Pfce^ Pjef 

-(r + s)(pje°° p^e^ p k e + p fe e£° p ro e~) 


1 1 



Using Lemma 3.4 through Lemma 3.8, we would like to show that each summand 
is actually 0. Taking the second summand for example, we get immediately, 

E { p i e T P ke< k P™ e ™ + PkeT Pjef 

m=j-\-l^$>k 

~(r + s ){Pj e j° phe™ p k e™ + p k e™ p^e Pj ef) 

+ ( rs ){pm e m Pje-T Pke-k + PrnC P^k Pj^f)} 

E {(U's + 1 - r _1 (r + s))pjftp|,e”e“e^ 

m=j+l>fe 

+(-(r + s)s' x + (rs)(r _ 1 s _1 + s- 2 ))p jPk p^e^e^e^} 

= 0 . 


The other summands are seen as zero by the same method. Subsequently Relation 
(3.20) has been verified. 

Next we turn to the relation 

efe 0 - (r -1 +(rs) _ 5+ s - 1 ) e^eoei + (rs)“5 x 
(r _1 +(rs)“^+s _1 ) eie 0 el - (rs)~% e 0 ef = 0. 


(3.21) 
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Note that by definition, the left hand side (LHS) of (3.21) is equal to 


E [phrphTpi 


p°° r> p°° 


i,j,k,m 

n(i)=ir(j)=n(k)=l 

7r(m)=0 


~{r 1 +( rs ) "+s efpf e°°p m ef pfef 

+M~ 5 (r- 1 +(rs)~ * +S” 1 ) pj ef p m ef pf ef pi e\f 
-(rs)-i p m e~ pf ef pf ef pf ef 


Applying Lemma 3.4 through Lemma 3.8, the last relation becomes, 


( £ + £ + £ + £ 

m=j-\-l>k>i jl$>ml$>kl$>i jf£>m=k-\-l>i 

+ E+ E+ E + E 

j=m-\-Y^>k>i j>kl$>ml$>i j>k'^>m=i -\-1 j>fc=m+l>i 

+ E + E ) { (^Pi e i° Pj e T Pk e f PmCf 

j>kl$>il$>m j>k>i=m-\-l 

+Pf ef pj ef pj ef p m ef + pj ef pf ef pj ef Pm ef 

ill ill 

+Pj ef P? ef pi ef p m ef + pf ef pf ef p] ef p m ef 

+pjefpjefpjefp m efj - 
(Pi ef p] ef p m ef pi ef + pf ef pi ef p m ef pj ef 
+p] ef pj ef Pm ef pj ef + pj ef pj ef p m ef pj ef 
+Pk ef Pf ef p m ef p f ef + pi ef pf ef p m ef pf ef} 
+ (rs)"5 (r^+fsfi+s- 1 ) (pjefp m efpjefpjef 
+pj ef Pm ef pj ef pj ef + pj ef p m ef pj ef pj ef 
+pj ef Pm ef pj ef pj ef + pj ef p m ef pj ef pj ef 


+Pk ef Pmef pf ef pi ef) - (rs) ® 


III 
OO 9 OO 9 OO 9 OO 

Pm,e m pf ef Pj ef pi ef 


+Pmef pf ef pi ef pf ef + p m ef pf ef pf ef pf ef 
+p m ef pj ef pj ef pj ef + p m ef pj ef pj ef pj ef 
+p m efpjefpjefpjef)} = 0. 


Every summand of the last relation can be shown to be 0 as before. 
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Finally we check that Serre relation involving in i and i + 1 holds in the Fock 
space. For 1 ^ i < l — 2, we compute that 

^z+1 €iCi-\-±€i { J*iS% ) 6^-j-iCj 

= X! {Pj e 7 Pk e< k P™ e ™ + Pk e ™ Pjef p?ae™ 

j,k,m 

n(j)=i=n(k) 

7r(m)=z+l 


-(n + Si)(pjef p^e “ p fc e£° + p-,e?°) 



= (E+E+E+E + E 

m^$>j>k m=j-\-Y^>k j'^>m'^>k j^$>m—k -\-1 < 7=m+l>fe 
i \ ^ , \ ^ \ r oo oo „\ oo i oo „ oo ^ oo 

+ Y + Y ){Pj e j Pke k Pme m +p k e k pjej p^e m 

j>k^>m j > k—m -\-1 

-(r,: + Si){pjef p^e™ p k e £° + p k e £° p^e™ pjef) 

+(r i s i )(pZ l e™p j e?° p k e?° + p^e™ p^ pje°°)} = 0. 

Therefore we have finished the proof of Theroem 3.2. □ 
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